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Abstract 
The vortex patterns of the secondary flow in a curved duct of square cross-section are numerically investigated. The 
flow is driven by the axial pressure gradient as well as the walls rotation of the duct except the outer wall around the 
center of curvature. When the rotation is in the same direction as the negative pressure gradient, the secondary flow 
shows complicated  multiple patterns, which consists of two-vortex, four-vortex, eight-vortex or even non-symmetric 
secondary flow pattern. An analysis of linear stability on the flow is also carried out to distinguish possible flow 
patterns among multiple steady solutions. 
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1. Introduction 
The pipe network systems play important roles in the thermal, chemical, petrol, power generating 
plants and human body. The pipe lines consist of various kinds of curved ducts. The flow in the curved 
duct is affected by the centrifugal force and forms a secondary flow in a cross section of the duct. The 
secondary flow leads to complicated flow behaviors and energy dissipation, and hence the increase of 
resistance in the duct. It is, therefore, necessary to study the flow in details to improve the performance of 
pipe network systems.   
The flow through the curved duct driven by the pressure gradient along the duct induces the secondary 
flow, which is called the Dean vortex, under the action of centrifugal force caused by curvature of the 
duct, and has attracted much attention because of its physically and mathematically interesting features of 
the flow. The reviews by Berger et al [1], Nandakumar et al[2] and Ito[3] may be referred for various 
aspects of flow in the curved ducts. One of interesting features of the curved duct flow is an existence of 
multiple solutions. This means that more than two solutions are obtained in the same flow condition. 
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Nandakumar et al [4] obtained dual solutions for the flow through a curved tube with circular cross-
section. They found a four-vortex solution besides an ordinary two-vortex solution. The stability of the 
dual solutions was studied by Yanase et al[5] to examine which solution among dual solutions would 
realize in an actual flow. Winters[6]studied the bifurcation structure of the flow through a duct with 
square cross-section and found many symmetric and asymmetric secondary vortices, although many of 
them are linearly unstable. The flow through ducts of rectangular cross-section were studied numerically 
to put emphasis on bifurcation of the solution by Yanase et al[7] ,and Yamamoto et al [8]. 
The flow through a rotating curved duct is another subject which has attracted much attention because 
of its importance in cooling systems for conductors of electric generators (see for instance Yang[9]). In 
this case, the flow is affected by the Coriolis force in addition to the centrifugal force. Miyazaki[10]  
studied the flow in a rotating curved circular pipe when the pressure-driven flow is in the same direction 
of rotation and showed an increase of the friction factor with increasing the rotation. Daslopoulos et al 
[11] studied the bifurcation characteristics of the flow through a curved circular pipe with rotation. The 
study was extended to the flow through a rotating helical pipe with circular cross-section by Yamamoto et 
al [12].The bifurcation of the flow through a rotating curved duct with square cross-section was discussed 
by Selmi[13]. Later, Yamamoto et al [14], and Selmi et al [13] made more extensive study on the rotating 
curved duct flow and its bifurcation structure. 
Another interesting secondary flow induced by the centrifugal force is the Taylor vortex. The Taylor 
flow with a short length of the annulus was studied by Cliffe [15], and DiPrima et al[16] in which the 
inner cylinder rotates while the other walls, top, bottom and outer walls, of the duct are stationary. There 
is no pressure gradient along the duct. The results show that a symmetric or asymmetric two-cell 
secondary vortex with respect to the centre line of the cross-section appears.    
The combination of the pressure-driven flow with the flow caused by moving wall between concentric 
cylinders, i.e., the Taylor-Dean flow, has not attracted much attention. The flow is affected by both 
rotation and centrifugal force. The stability analysis of the basic flow was carried out by Chen et al [17] 
in case of small gap between concentric cylinders and by Chen[18] for arbitrary gap spacing.   
The Taylor-Dean flow between two-concentric cylinders of finite length is an interesting subject to be 
pursued, since the flow may be regarded as a model of the flow in a screw pump when the pitch of the 
screw is very small. In the present study, we consider the flow through a curved duct of square cross-
section. The flow is driven by the pressure gradient along the duct. In addition to the pressure gradient, 
the upper, lower and inner walls of the duct can rotate with the same angular velocity around the centre of 
curvature of the duct, while the outer wall is fixed. We shall obtain steady solutions and discuss their 
stability characteristics, multiple solution and bifurcation structures.   
2. Methods of Analysis and Experiment 
We consider the fully developed laminar flow through a curved duct of square cross section. Let 2a be 
the width of the cross section and 2b its height, although we are considering only the case of a=b in the 
present study. Let the radius of curvature of the centre-line of the duct be R0. Fig.1 shows the coordinates 
systems. Here, ( , ,r zθ′ ′ ) are the cylindrical coordinates and s′  is the coordinate along the centre-line of 
the duct. Variables with the prime denote the dimensional quantities. The duct walls except the outer wall 
rotates at a constant angular velocity Ω =Ω k around the z′ -axis, where k is the unit vector along the z′ -
axis. The pressure gradient is imposed along the s′ -coordinate. 
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Fig. 1.Coordinate systems 
We now introduce non-dimensional variables, using a and the kinematic viscosity ν , as follows: 
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Here, δ  is the non-dimensional curvature defined by 
0/ Ra=δ                                                                                                                                         (3) 
and η , s and z are the non-dimensional radial, axial and vertical coordinates, respectively,  t is the non-
dimensional time. The temporal variation is also included to analyse the linear stability of the flow. 
Further, u, v and w are the non-dimensional radial, axial and vertical velocities, respectively, and p the 
non-dimensional pressure. We assume that the flow is fully developed, i.e., the flow velocity is 
independent of the coordinate s. We further introduce a new variable 
   zζ γ=                                                                                                                                       (4) 
where 
       b aγ =                                                                                                                                        (5) 
is the aspect ratio of the duct cross-section. Then, the Navier-Stokes equations in the coordinate system 
rotating with the angular velocity Ω  are written as 
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Here, Tr the Taylor number, Dn the Dean number, μ  the viscosity, ν the kinematic viscosity. The 
pressure gradient G is imposed along the centre-line of the duct. Then, Tr is taken to be positive when the 
rotation is in the same direction as the negative pressure gradient and it is assigned negative in the inverse 
case. The pressure 1( , , )p tη ζ  is the pressure in a cross section and is related with the pressure p as  
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Considering the continuity equation (9), we can introduce the stream function ψ such that 
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The outer wall of the duct is stationary in a laboratory system. Therefore, the outer wall moves with the 
velocity 0( )R a− + Ω  in the rotating coordinate system. Then, the boundary conditions for ν  and ψ  at the 
wall are given by 
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The total flux through the duct in the laboratory system is given by 
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The mean axial velocity in the laboratory system is expressed as  
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The Reynolds number is defined by 
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We first obtain the steady solution by applying the spectral method using the series of the Chebyshev 
polynomials.  Since we have steady multiple solutions, it is interesting to investigate which solutions 
among multiple solutions may realize in an actual flow. For this purpose, we may appeal to the linear 
stability analysis of the flow after getting the steady solution.  We assume the two-dimensional 
disturbance.  
The non-dimensional curvature δ is taken to be 0.02 in the present calculation. The calculated Dean 
numbers cover from 0 to 800. We choose the Taylor number between -400 to 500.  We shall pay attention 
to the variation of the secondary vortex patterns caused by the centrifugal force (the Dean number) and 
the rotation of the duct (the Taylor number). The calculation was made by changing the Taylor number 
while the Dean number is kept constant. We have show the result of, mainly, Dn =600, for shortness. 
3. Results and Discussions 
The diagram (Fig.2) expresses the variation of the axial velocity at the mid-point of the cross-section 
with the Taylor number when Dn =600. Here, the solid curve shows that the flow is linearly stable, while 
the dotted curve indicates the unstable flow.   
We can easily understand from this figure(Fig.2) the multiple solutions, bifurcation of the solution, 
what type of the flow may be possible etc. Some of the secondary flow patterns calculated are illustrated 
in Fig.3 to understand how the transition of the vortex will take place by changing the parameter. The 
figure on the left-hand side is the constant ψ -line, while the figure on the right-hand side shows the 
contour of the axial velocity in the laboratory system. 
The results including other cases of Dean number are summarized as of flows: At negative and large 
magnitude of Tr, the Coriolis force is essential and the induced flow due to the Coriolis force is directed 
toward the inner wall on the centre line of the cross-section, and therefore it may be called the inward 
two-vortex flow.   
                                                  
Fig. 2. Axial velocity at the center of the cross-section (Dn=600) 
As |Tr| decreases, the centrifugal force becomes comparatively strong. The centrifugal force is directed 
to the outer wall and produces the outward flow on the centre-line of the cross-section, which may be 
○:inward two-vortex 
●:outward two-vortex 
□:four-vortex 
▲:six-vortex 
■:eight-vortex 
▽:asymmetric flow 
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called the outward two-vortex flow, near the outer wall. The inward two-vortex and the outward two-
vortex coexist for a certain range of negative Taylor number and accordingly we have the four-vortex 
type flow. The Taylor numbers at which the outward two-vortex flow first appears are approximately -25, 
-50, -105, -200, -262 and -320 for the Dean numbers of 50, 100, 200, 400, 600 and 800, respectively. 
Roughly speaking, the four-vortex flow appears at Tr/Dn ≈  -0.5.  It is interesting to see that the ratio Tr/Dn 
is almost independent of Dn. When the rotation further decreases, the centrifugal force due to the axial 
flow caused by the pressure gradient will become predominant and the outward two-vortex will occupy 
the whole region. We have the outward two-vortex flow at Tr=0 except when Dn =800, where we have a 
four-vortex type flow due to the large centrifugal force.  When the Taylor number increases to positive 
values, the Coriolis force recovers and again we have a four-vortex type flow accompanied by the inward 
two-vortex. The inward two-vortex is growing and the outward two-vortex is diminishing as Tr further 
increases.  Then, we have the inward two-vortex flow in the whole cross-section again. We have more 
complicated flow structures at larger Tr. In this case, there appears a high shear layer of the axial flow 
velocity near the outer wall because the outer wall is stationary and the pressure gradient favorably acts to 
the rotation of the walls. The high shear accompanied by the large Coriolis force and the large centrifugal 
force may induce some instability and generate a row of vortex cell near the outer wall to make a six- or 
eight-vortex flow pattern. 
We have also an asymmetric flow. Without rotation of the duct, the asymmetric flow appears when 
Dn=800 in our calculation. The rotation reduces the critical Dean number at which the asymmetric flow 
emerges. We obtained the asymmetric flow at rather low Dean number such as Dn=50 when there is 
rotation of the duct walls. 
We have obtained stable flows in most region of negative Tr. On the other hand, the stable region for 
positive Tr is limited and there is no stable positive region of Tr at all when the Dn≥400.  
We also calculate the flux Qs through the duct in the laboratory system. The result is shown in Fig. 4. 
The symbols in the figure have the same meanings as in the v 0-diagram. The flux is seen to be almost 
proportional to Tr, especially for small Dean numbers. However, we shall find that the fluxes are different 
for different flow patterns. The outward two-vortex type low produces larger flux compared with the 
inward two-vortex type flow at the same Dn and Tr. The induced secondary flow deforms the axial 
velocity so that the area of large axial velocity occupies a larger part of the cross section in the outward 
two-vortex type flow than in the inward two-vortex type flow. More complicated secondary flow 
produces larger flux at the same Dn and Tr. This may be attributed to the fact that the complicated 
secondary flow suppresses the spread of lower axial velocity over the cross section. An abrupt change of 
flux occurs at negative Tr in case of large Dean number, which accompanies the change of the flow 
pattern. We can calculate the Reynolds number. The right-hand ordinate in Fig. 4 shows the Reynolds 
number. 
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Fig. 3 Vortex pattern at Dn=600 
 
Fig. 4 Flux through the duct  
 
Winters [6] studied the Dean flow through a square duct.   The curvature is the same as ours.   The 
method of numerical calculation is different from our method, but we find that our results at 0=rT  agree 
well with his results.   His calculation shows that the flow type is of two vortices for Dean number up to 
580 and that one two-vortex flow and two four-vortex flows coexist when 680580 ≤≤ nD .   A four-
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cross section appears.  The direction of this flow is outside, i.e., the flow is an outward two-vortex type.   
There is also an asymmetric flow in which one of two vortices is larger than the other.  In the present 
study, we have an inward two-vortex type flow when there is no pressure gradient along the duct.   Both 
upper and lower walls in the present configuration move with the same angular velocity as the inner wall.   
Therefore, the Coriolis force causing the inward flow is stronger in the present flow than in the Taylor 
flow. 
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